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A new approach is introduced for parameter set selection for nonlinear systems that
takes nonlinearity of the parameter-output sensitivity, the effect that uncertainties in
the nominal values of the parameters have and the effect that inputs and initial condi-
tions have on parameter selection into account. In a first step, a collection of (sub)op-
timal parameter sets is determined for the nominal values of the parameters using a
genetic algorithm. These parameter sets are then further analyzed for uncertainty in
the parameters and changes in the initial conditions and inputs using differential anal-
ysis as well as a sampling-based approach to determine the key factors influencing
sensitivity and the likelihood of a parameter set to be the optimal set under these vary-
ing conditions. The outcome of this procedure is a collection of parameter sets, which
can be used for parameter estimation and additional information about how likely it is
that a set is optimal for parameter estimation. Additionally, the size of the region in
parameter space in which a certain set of parameters will remain optimal is deter-
mined. � 2007 American Institute of Chemical Engineers AIChE J, 53: 2858–2870, 2007
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Introduction

Mathematical modeling plays an important role in study of
complex dynamic systems and parameter estimation forms an
essential component of deriving mathematical models. How-
ever, accurate estimation of parameters can be challenging as
models can contain hundreds or even thousands of parame-
ters while at the same time experimental data gathered for
parameter estimation may be sparse and noisy. It is usually
not possible to estimate the values of all the parameters accu-
rately from the experimental data. It is the purpose of this
work to develop a new approach for determining sets of pa-
rameters that should be estimated.

Parameter sensitivity analysis and experimental design are
closely related techniques. The Fisher information matrix
(FIM) serves as a measure of how much information about

the parameters can be extracted from an experiment.1–3 If the
Fisher information matrix is far from being singular in some
sense then parameters are practically identifiable.4,5 A subset
of parameters, which can be estimated accurately, is selected
based upon optimizing certain criteria,1,6 as it is usually not
possible to estimate the values of all parameters. A combination
of the D-optimality and the modified E-optimality criteria has
been used to determine identifiable parameters.7,8 If the Fisher
information matrix is not close to being singular, then the norm
of the sensitivity vectors is likely to be reasonably large and the
angles between the sensitivity vectors are not small, either. Fol-
lowing these two rules, several parameter-selection techniques
have been developed based on the sensitivity vectors, such as an
orthogonalization method9 and a recursive approach based
upon principal component analysis.10

However, these parameter selection approaches are local
methods, since parameter sensitivities will vary depending
upon the choice of nominal values of parameters. The inher-
ent uncertainty in the parameter values poses a challenge on
parameter selection. Sequential design is the most common
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approach to handle the described challenge5,11–13: a set of
initial values for the parameters is used for experimental
design and to estimate parameters. The newly estimated pa-
rameter values are then used for another round of experimen-
tal design where values of the parameters are re-estimated.
While such a procedure can be useful for systems where it is
possible to perform a relatively large number of experiments,
it can pose problems for systems such as intracellular signal
pathways,14,15 as experiments can take weeks of preparation
and can be expensive. Other procedures such as Bayesian
methods16,17 and maximin methods18,19 require intensive
computation and may prohibit applicability to systems with a
large number of parameters.

Another challenge that arises for dynamic systems is that
sensitivities need to be calculated along state trajectories,
which result in the Fisher information matrix being dependent
not only on the parameter values but also on the initial states
and inputs. It is the aim of this work to present a parameter set
selection technique for dynamic systems described by nonlin-
ear autonomous differential equations, which will take the
effect of uncertainties of the parameter values and initial states
as well as changes of the inputs into account. Analysis of pos-
sible parameter sets to determine their likelihood to be the
optimal set for parameter estimation as well as the magnitude
of the region in parameter space under which a set will remain
optimal form important components of this work.

A collection of (sub)optimal parameter sets is investigated
rather than just focusing on the ‘‘optimal’’ set due to the fol-
lowing reasons: (i) the differences in the values of the opti-
mality criteria between the ‘‘optimal’’ set and a suboptimal
set may be negligible and it may not be possible to distin-
guish between them in practice; (ii) the ‘‘optimal’’ set may
only be the best set at the nominal point and it may be worse
than a suboptimal set if the nominal values of the parameters
are slightly different than it was originally thought; (iii) fur-
ther analysis can concentrate on these important sets rather
than considering all possible subsets of parameters; (iv) some
experimental limitations may not have been taken into
account when deriving the ‘‘optimal’’ set of parameters and
determining several sets of potential candidates for parameter
estimation can allow more flexibility for conducting experi-
ments. A collection of suboptimal sets is determined by a
genetic algorithm and is subsequently analyzed to determine
the key factors influencing the sensitivity and to compute
which parameter sets work best when uncertainty in the nom-
inal values of the parameters is taken into account.

Preliminaries

Optimality criterion for parameter set selection

A certain class of nonlinear dynamical autonomous sys-
tems can be described by

_x ¼ fðx; u; hÞ; (1)

y ¼ gðx; u; hÞ; (2)

where x 2 Rnx is the state vector, u 2 Rnu is the input vector,
y 2 Rny is the output vector, and h 2 Rnh is the parameter
vector. The observations of the outputs are sampled at a se-
ries of time points and are subject to measurement noise

yoðtiÞ ¼ yðtiÞ þ eðiÞ; i ¼ 1 � � � nt:

In most practical applications, the noise {e(i)} is assumed
to be white noise with a Gaussian distribution. Parameter
estimation deals with the computation of the unknown values
of the parameters from available input and output data.
However, many systems contain a large number of parame-
ters and it is not possible in practice to estimate the values
of all of them from available data. A result of this is that in
practice a subset of parameters is usually selected for esti-
mation while other parameters are fixed at their nominal
values.

A measure for evaluating the ability of a parameter set to
capture changes in the output is required to compare different
parameter sets. The Fisher information matrix4,6 plays a cen-
tral role in determining such a criterion as it captures the
effect that parameters have on the outputs. The Fisher infor-
mation matrix is calculated based on the output sensitivities

FIM ¼
Xny
i¼1

Xnt
j¼1

1

r2ij

@yiðtjÞ
@h

@yiðtjÞ
@hT

: (3)

or in the form of a sensitivity matrix

FIM ¼ STR�1S: (4)

where the sensitivity matrix and the covariance matrix are

S ¼

@y1ðt1Þ=@h1 � � � @y1ðt1Þ=@hnh
..
. . .

. ..
.
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. . . . .

. ..
.

@ynyðtntÞ=@h1 � � � @ynyðtntÞ=@hnh
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R ¼

r211
. .
.

r21nt
. .
.

r2ny1

. .
.

r2nynt

2
6666666666664

3
7777777777775

where r2ij denotes the variance of the noise in the observation
of output yi at time point tj. The sensitivity values are often
normalized by multiplying with the nominal values of param-
eters and by dividing through the nominal value of the out-
puts to ensure that different units for the parameters/outputs
do not affect the sensitivity results. Furthermore, it is possi-
ble to normalize the sensitivity values by dividing with the
square root of the variance assuming that the variance is
known. In this case, the Fisher information matrix is the
product of the transpose of the sensitivity matrix and the sen-
sitivity matrix itself as S will be the identity matrix due to
the normalization.
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The inverse of the Fisher information matrix provides a
lower bound for the asymptotic covariance matrix of parame-
ter estimators,4 and it can serve as a measure for the quality
of a parameter set. However, a specific criterion is required
to evaluate the information contained in the Fisher informa-
tion matrix. Several criteria have been defined in the litera-
ture and they have been named alphabetically.6 The most
popular criterion is the D-optimality criterion, which mini-
mizes the logarithm of the determinant of the inverse of the
Fisher information matrix. Since the inverse of the determi-
nant of a matrix is equal to the determinant of its inverse,
the D-optimality criterion is equivalent to maximizing the
logarithm of the determinant of the Fisher information
matrix:

/�
D ¼ max/DðFIMÞ ¼ max log detðFIMÞ
¼ min log detðFIM�1Þ: (5)

This criterion minimizes the volume of the confidence
ellipsoid with an arbitrary fixed confidence level for a least
square estimator. This criterion is used in this work, how-
ever, the presented techniques can be easily generalized to
other criteria.

The Fisher information matrix of the selected parameter
set will likely have to be far from being singular to maxi-
mize the optimality criterion. There are two components to
achieving this: (1) the norm of the sensitivity vector of a
selected parameter should be quite large and (2) the sensitiv-
ity vectors of parameters in the selected set cannot be line-
arly dependent. These two rules can be used to directly select
the parameters from the sensitivity matrix. The orthogonali-
zation method, which is based on the Gram–Schmidt ortho-
gonalization, has been applied to the selection of parameters
for chemical reactors9 and also to applications in the field of
systems biology.11,12,20,21 Using this technique, the first pa-
rameter to be selected has the largest norm of the sensitivity
vector. In a second step, the sensitivity vectors of other pa-
rameters are projected on to the space normal to the first sen-
sitivity vector. From the projected sensitivity vectors, the
longest one is chosen and the corresponding parameter is
selected as the second parameter of the step. This same pro-
cedure is repeated to determine the remaining parameters of
the set until the number of parameters to be estimated is
reached or until the length of the projected sensitivity vectors
decreases below a certain threshold. In fact the orthogonali-
zation method is a sequential approach to maximize the D-
optimality criterion as will be shown in the first subsection
(Parameter Subset Selection by GA) under the Presentation
of a New Parameter Subset Selection Procedure section.

First- and second-order sensitivity calculation

For systems described by Eqs. 1 and 2, the sensitivities are
calculated along the output trajectories. To calculate the sen-
sitivities the values of the parameters, inputs and initial states
are required, as variations of these factors will change the
sensitivity values. In this work, only autonomous systems are
considered and the inputs are assumed to be constant. To
simplify the expression, the initial states and the inputs are

concatenated into an augmented parameter vector
w 2 Rnhþnxþnu

w ¼ ½hT; xT0 ; uT�T: (6)

The sensitivity values of the state variables x(t) with
respect to a parameter wi can be calculated by differentiating
both sides of the state Eq. 1 to obtain

d

dt

@x

@wi

¼ @f

@xT
@x

@wi

þ @f

@wi

; i ¼ 1 � � � nh þ nx þ nu: (7)

If wi is an initial value of a state, x0, then the second term
of the right hand side of Eq. 7 is zero. The initial conditions
of the differential equations are given by

@x

@wi

����
t¼0

¼ 0; if w 2 h or wi 2 u

ej; if wi ¼ x0ðjÞ

(
; (8)

where ej 2 Rnx is a vector with entries of 1 on its jth element
and entries of 0 on all other elements. By solving the sensi-
tivity Eq. 7 and the state Eq. 1 simultaneously, the sensitivity
values are calculated along the state/output trajectories.

Only the first-order sensitivity values are required to evalu-
ate the Fisher information matrix for parameter selection.
However, the second-order sensitivity values play an impor-
tant role in the uncertainty analysis of the selection proce-
dure and will be used in the Presentation of a New Parame-
ter Subset Selection Procedure section. The second-order
sensitivities can be calculated by differentiating both sides of
Eq. 7

d

dt

@2x

@wi@wj

¼ @f

@xT
@2x

@wi@wj

þ @2f

@wi@x
T

@x

@wj

þ @2f

@xT@wj

@x

@wi

þ @2f

@wi@wj

þ IN � @xT

@wj

 !
H

@x

@w
;

i; j ¼ 1 � � � nh þ nx þ nu

(9)

where H 2 Rnxnx3nx is the Hessian matrix of f

H ¼ @2f1
@x@xT

@2f2
@x@xT

� � � @2fnx
@x@xT

� �T
:

To calculate the second-order sensitivities, the values of
the state variables and the first-order sensitivities need to be
known.

Several software packages exist for efficiently solving the
differential equations for the sensitivity calculations, e.g.,
VODE,22 DASPK,23 or SUNDIALS.24 In this work, the Mat-
lab ODE solver is used, as the sensitivity calculations can
easily be integrated with the other calculations required for
the presented analysis scheme.

Sampling-based method

Sampling-based methods, also called Monte Carlo simula-
tions, are a popular approach for uncertainty and sensitivity
analysis. The techniques use a set of sampling points for the
uncertain parameters and compute a performance characteristic
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for each sampling point. Three sampling procedures are
widely used25: random sampling, stratified sampling, and
Latin hypercube sampling. The random sampling method gen-
erates the value of each parameter using its distribution. This
method has the most easy-to-interpret statistical meaning but
there is no assurance that points will be sampled from any
given subregion of the sample space and the technique can be
inefficient if several sampled values are close to one another.
Stratified sampling divides the uncertainty space into some
disjoint strata and obtains a random sample from each stratum
to ensure that the important regions of the uncertainty space
will be covered by sampling. Latin hypercube sampling
divides the range of each parameter into several intervals of
equal length. In every interval, one sample point, i.e., a value,
of a parameter is selected. The sample points of one parameter
are determined separately from those of other parameter and a
sample vector is formed by randomly pairing the values of dif-
ferent parameters.

The important parameters, which have a strong influence
on the output over a range of values, are identified by statis-
tical analysis. The sampling values for each parameter are
grouped into two sets, namely the ‘‘acceptable set’’ and the
‘‘unacceptable set.’’ The elements in the ‘‘acceptable set’’ are
the parameter values where the corresponding output values
are below a threshold value. However, if the corresponding
output value is larger than the threshold, then the parameter

Figure 1. Flow diagram of procedure for parameter
subset selection.

value is grouped into the ‘‘unacceptable set.’’ The KS (Kol-
mogorov–Smirnov) statistic,26 which is determined by the
largest vertical gap between the cumulative functions of the
values of a parameter in the two sets, is used as the sensitiv-
ity measure

KS ¼ supjSaðxÞ � SuðxÞj: (10)

where Sa and Su are the cumulative distribution functions
respectively associated with the ‘‘acceptable set’’ and the
‘‘unacceptable set.’’ The larger the value of the KS statistic,
the more sensitive the output with respect to the factor.
Details of sampling-based methods for uncertainty and sensi-
tivity analysis can be found in the literature.27

Presentation of a New Parameter Subset
Selection Procedure

This section presents a new procedure for parameter set
selection for parameter estimation of nonlinear dynamic sys-
tems. The contribution of this technique is that it combines a
method for selecting parameter sets with uncertainty analysis
to determine when a parameter set that is suboptimal for the
nominal values of the parameters may become optimal due
to changes of the nominal values. A flow diagram of the pro-
cedure that is used in this work is shown in Figure 1.

Parameter subset selection by GA

Parameter selection procedures search for a subset of pa-
rameters, which maximizes an optimality criterion. One spe-
cific form of such an optimization problem is given by

z� ¼ arg max
z

/DðFðzÞÞ

s:t: FðzÞ ¼ FIM
ði1;���ins Þ
ði1;���ins Þ with ij that zij ¼ 1; j ¼ 1 � � � ns

z1 þ z2 þ � � � þ znh ¼ ns

zi 2 ð0; 1Þ; i ¼ 1 � � � nh: ð11Þ
The decision vector z [ {0,1}ny denotes whether a parame-

ter is included in the selected parameter subset. If zi 5 1,
then yi belongs to the selected subset with the size of ns. The
value of ns can be determined through prescreening by the
orthogonalization method. FIM is the Fisher information ma-
trix of all parameters. F(z) is the Fisher information matrix
of the parameters included in the selected subset, and it is
equal to the principal submatrix of FIM with the indices of
the nonzero decision variables (the entries of column ij and
row ik, j, k 5 1. . .ns).

This optimization problem results in a nonlinear integer
programming problem. While an exhaustive search is a sim-
ple approach to find the optimal solution,7,8 this is not a
practical approach for any problem of reasonable size. Se-
quential methods, which add parameters to the subset one at
a time, are able to significantly reduce the computational bur-
den. It will be shown that the orthogonalization method is a
sequential approach, which maximizes the D-criterion at each
step. To elaborate on this point, the QR decomposition is
used to express the orthogonalization

S ¼ QR; (12)
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where S is the normalized sensitivity matrix of the selected
parameters, Q is an orthogonal matrix, and R is an upper
triangular matrix. The columns of Q form the unit orthogo-
nal bases of the space spanned by the sensitivity vectors
(the columns of S) and the columns of R are the coordi-
nates of the sensitivity vectors on the orthogonal bases.
When a new parameter is selected, its sensitivity vector is
added to S, a new base is added to Q, and the coordinates
of the sensitivity vector on the bases are added to R. The
new diagonal entry of R denotes the projected value of the
last sensitivity vector on the space normal to the sensitivity
vectors of the previously selected parameter. The orthogonal
method maximizes the square of the new diagonal entry of
R at each step when a new parameter is selected. The deter-
minant of the information matrix is related to the determi-
nant of R by

detðSTSÞ ¼ detðRTRÞ ¼ detðRÞ2: (13)

Because R is upper triangular, the determinant of the in-
formation matrix is equal to the product of the squared di-
agonal entries of R. Accordingly, the orthogonalization
method, which maximizes the squared diagonal entry of R

at each step, can be regarded as a sequential method that
maximizes the D-criterion at each step. However, due to
the sequential nature of the orthogonalization method, it is
possible that parameter sets with even larger criterion val-
ues may be missed as they can only be found by a si-
multaneous approach. That being said, this procedure can
still be implemented as a prescreening tool as it is
straightforward to implement and does not require exten-
sive computations.

It is important to select a set of estimable parameters for
parameter estimation; however, the parameter set correspond-
ing to the optimal criterion value at the nominal point may
not always be the best choice due to the optimality criterion
changing with the nominal values of the parameters. Accord-
ingly, a procedure is required to not only to compute the
optimal set of parameters but also to determine a collection
of suboptimal parameter sets. This can be achieved by using
a genetic algorithm (GA)28,29 to solve the optimization prob-
lems shown in Eq. 11. One distinct property of a GA is that
it involves a population of potential solutions to the problem.
Multiple candidate solutions are considered simultaneously
and according to the evolution law good population member
has a larger chance to be preserved in the new generation
than unfit members. After many generations, the population
will usually contain many members with high fitness values.
This property makes GA very suitable to solve the problem
of subset selection. A collection of (sub)optimal solutions
can be formed by choosing good candidates from each gener-
ation with a value of the optimality criterion larger than a
threshold level a. This procedure will return a collection of
parameter sets with near optimal value of the optimization
problem shown in Eq. 11.

Determine the region in parameter space for which local
results remain valid

Because of continuity of the optimality criterion, the
optimal subset selected at the nominal value will still be

the best set in a neighborhood around the nominal point.
However, if the nominal values of the parameters can vary
significantly, then the results computed by local sensitivity
analysis may not be accurate over the entire range. A tech-
nique is presented in this subsection, which determines the
smallest magnitude of parameter changes that is required
such that the parameter set with the optimal value at the
nominal point will lose its ‘‘top positions’’ to another set
of parameters. The magnitude of the variation under which
the chosen parameter set does not change is an indicator
of the robustness of the results computed by the local
method.

Since an analytical expression describing the relationship
between the criterion function and the nominal values of to
the parameters is usually not known in practice, a linear
approximation of the sensitivity vectors is used:

@y

@hi

����
wþDw

¼ @y

@hi

����
w

þ @2y

@wT@hi

����
w

Dw: (14)

The sensitivity matrix contains the sensitivity vectors of
a subset of parameters hi1 ; hi2 ; :::; hins and can be expressed
by

@y

@hi1
� � � @y

@hins

� �����
wþDw

¼ @y

@hi1
� � � @y

@hins

� �����
w

þ @2y

@wT@hi1
� � � @2y

@wT@hins

" #����
w

ðIns � DwÞ ð15Þ

To simplify the notation,

SI ¼ �SI þWIðIns � dÞ: (16)

will be used where

SI ¼ @y

@hi1
� � � @y

@hins

� �����
wþDw

�SI ¼ @y

@hi1
� � � @y

@hins

� �����
w

WI ¼ @2y

@wT@hi1
� � � @2y

@wT@hins

" #����
w

d ¼ Dw

I ¼ fi1 i2 � � � insg

One should note that the linear approximation of the sensi-
tivity vectors is used rather than the linear approximation of
the optimality criterion itself as linearization of the sensitiv-
ity vector offers a more accurate approximation.

Suppose that a parameter set at the nominal point (indi-
cated by indices J) has a larger criterion value than another
parameter set (indicated by indices I). The smallest perturba-
tion required to change the order of two parameter sets can
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be calculated by the following optimization problem:

min kdk2
s:t: /DðSTI SIÞ > /DðSTJ SJÞ

SI ¼ �SI þWIðIns � dÞ
SJ ¼ �SJ þWJðIns � dÞ
dL � d � dU

(17)

The last inequality constraint provides an upper and a lower
bound for variation of the parameter vector such that con-
straints on parameters by physics can be taken into account.
For example, all the kinetic parameters in a model referring to
rate constants should always be positive. It should be noted
that due to the linear approximation of the sensitivity matrix it
may be possible that the variation calculated may not change
the order of the two subsets. In this case, the sensitivity values
can be re-evaluated at the perturbed parameter value calculated
by the first solution of optimization problem and the optimiza-
tion problem is solved again. This is an iterative procedure that
is performed until a perturbation is found that will change the
order of the criterion values of the two sets.

Sampling-based method to identify sources
of uncertainty that affect the value of the
optimality criterion

The technique presented in this subsection uses global sen-
sitivity analysis to determine how sensitive the optimality cri-
terion is to sources of uncertainty. For the most part, these
sources of uncertainty are due to changes in the values of the
parameters; however, changes in initial conditions can also
be considered.

A sampling-based method with Latin hypercube sampling
is used in this work, since it is the most efficient sampling
way for large systems. The optimality criterion is evaluated
at each sampling point by simulating the model. The KS sta-
tistic of the criterion value with respect to a parameter is cal-
culated to serve as the global sensitivity measures following
the procedure described below

Step 1. Determine the uncertainty range of each parameter.
Step 2. Generate uniformly distributed samples of the pa-

rameters by Latin hypercube sampling.
Step 3. Calculate the first-order sensitivities by solving

the state Eq. 1 and the sensitivity Eq. 7 simultaneously for
each sample value and compute the value of the optimality
criterion.

Step 4. Calculate the objective function for each sample.

f/ðkÞ ¼ ð/DðkÞ � �/DÞ2;

where /D(k) is the criterion value calculated at the kth sam-
ple, �/D is the criterion value calculated at the nominal value.

Step 5. Calculate the mean value of f/(k) and group the
sample values of each parameter into two sets. If f/(k) is
larger than the mean value, then the kth sample value of the
parameter is placed into the ‘‘unacceptable set’’; otherwise, it
is put into the ‘‘acceptable set.’’

Step 6. Compute the two cumulative distribution func-
tions of the sample values contained in the two sets for each
parameter and use Eq. 10 to calculate the KS statistic.

From the sampling points, the criterion functions that are
not subject to the parameter uncertainty can be calculated.
Because of the uncertainty, a subset of parameters can be
estimated more accurate than another subset at one point but
less accurate at another point. The mean criterion value of a
subset indicates the overall performance of a subset. A good es-
timator of the mean criterion is the average criterion value on
the sampling points. However, it is the case that a subset can
have a large mean criterion value because it has a very large cri-
terion value in a small range but has low criterion value over
most of the parameter space. In practice, the situation where the
subset has large criterion value is unlikely, and it is more likely
that the subset is worse than others. One may prefer to select the
subset, which has the largest probability to have the largest cri-
terion value in the uncertain range. The probability of each sub-
set to be the top one can be calculated from the sampling points
as well. From the explanation above, the two criteria may not be
completely consistent and an example is in the case study in the
next section. One is often at loss to choose the criterion before
selection. This is another motivation to select a collect of sub-
sets. After calculation of the value of the two criteria of the sub-
sets, one is easy to make a balance among different criteria.

Quantitative investigation of the effect of uncertain
factors on the optimality criterion

Even though global sensitivity analysis is able to identify
the important uncertain factors affecting the value of the
optimality criterion, it is unable to determine quantitatively
how changes in the nominal parameter values affect estima-
tion accuracy. The gradient of the criterion function can
provide such information, and it can be used directly to
determine the optimal setting of adjustable variables. The
mathematical procedure for this technique is provided in the
following.

Assume a selected parameter subset is fhi1 ; hi2 ; :::; hins g and
the sensitivity matrix is

SðwÞ ¼ @y

@hi1

@y

@hi2
� � � @y

@hins

� �����
w¼½hT;xT

0
;uT�T

(18)

where S is evaluated at some value of the parameter w and
the D-criterion is a function of w

/DðwÞ ¼ log detðSðwÞTSðwÞÞ: (19)

Differentiation of the criterion function results in

d/DðwÞ ¼ 2tracefðSðwÞTSðwÞÞ�1ðSðwÞTdSðwÞÞg: (20)

Since the differentiation of each element in the sensitivity
matrix is

d
@y

@hij

8>>>:
9>>>; ¼ @2y

@wT@hij
dw; (21)

the differential of the sensitivity matrix is

dSðwÞ ¼ @2y

@wT@hi1
dw

@2y

@wT@hi2
dw � � � @2y

@wT@hins
dw

" #
:

(22)
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Substituting Eq. 22 into the optimality criterion results in

d/DðwÞ ¼ 2tracef½A1dw A2dw � � � Ansdw�g; (23)

where

Ai1 ¼ ðSTSÞ�1
ST

@2y

@wT@hi1
: (24)

Finally,

d/DðwÞ ¼ 2ðaT1 þ aT2 þ � � � þ aTnsÞdw: (25)

where ai
T is the ith row of the matrix Ai and the partial de-

rivative of /D with respect to w is

@/D

@w
¼ 2

Xns
j¼1

aj: (26)

The magnitude of the gradient is an indicator of the effect
that changes in a parameter have on the criterion function
value. The sign of the gradient indicates whether a change of
the value of a parameter increases or decreases the optimality
criterion. The gradient shown in Eq. 26 is in fact the local
sensitivity of the criterion function. However, this is not to
be confused with the sensitivity of the output. The sensitivity
of the output is used to compute the value of the criterion
for parameter selection while the sensitivity of the criterion
function is used to study the effects that parameter uncer-
tainty has on the criterion value.

Case Studies

Two examples are used to illustrate the developed techni-
ques. The first case study deals with an exothermic continu-
ously-stirred tank reactor, while the second one analyzes a
detailed model describing an IL-6 transduction network in
liver cells.

Parameter set selection for a CSTR

This model describes an exothermic CSTR in which a
first-order reaction A?B is taking place30:

A ! B; RA ¼ k expð�E=RTÞcA: (27)

The reactor is described by the following differential equa-
tions

_cA ¼ F

V
ðcfA � cAÞ � RA

_T ¼ F

V
ðTf � TÞ þ DH

qCp

RA � hA

qCpV
ðT � TcÞ

_Tc ¼ Fc

Vc

ðTf
c � TcÞ þ hA

qcCPcVc

: (28)

The three states of the system are the concentration of
component A, the temperature of the reactor, and the temper-
ature of the coolant jacket. The reactor temperature is chosen
as the only output of the system.

All parameters in Eq. 28 are assumed to be constant. It
can be seen that q and CP never appear by themselves and
only in the form of their product in Eq. 28. Because of this
only the product of the two parameters can be estimated.
The same situation arises for the product of qc and CPc . To
take this observation into account, the parameters CP and CPc

are set to their nominal value and are not considered for pa-
rameter set selection. This leaves nine parameters (Nos. 1–9
in Table 1) as candidates considered for estimation. The feed
flow rate and the coolant flow rate are the two input varia-
bles. These 11 variables plus the 3 initial conditions of the
states make up the augmented parameter vector for sensitiv-
ity analysis. The reactor volume, the cooling jacket volume,
and the heat transfer area are design parameters whose values
are exactly known. Thus there is no need to consider them
for parameter estimation.

The sensitivities of the reactor temperature with respect to
the parameters are calculated according to Eqs. 7–9 and nor-
malized. In the next step, the orthogonalization method is
applied. The results are shown in Table 2, where the overall
sensitivity and the rank value are shown for each parameter.
It can be seen that while the output may be sensitive to some
parameters that these parameters may nevertheless have a
small rank value as they are highly correlated to parameters
already chosen for the set. The method indicates that the
coolant density qc, the pre-exponential factor k, and the fluid
density q form a set of three parameters that have the largest
effect on the reactor temperature. The rank value of the 4th
parameter is less than 0.7% of sum of the first three, and
therefore the size of the parameter set is chosen to be three
(ns 5 3). The set {qc, k, q} is a suboptimal selection under

Table 1. Nominal Value of CSTR Parameters

No. Parameter Variable Value

1 Feed temperature Tf 208C
2 Feed composition cfA 2500 mol/m3

3 Fluid density q 1025 kg/m3

4 Heat of reaction DH 160 kJ/mol
5 Activation energy E/R 255 K
6 Pre-exponential factor k 2.5 h21

7 Coolant inlet temperature Tf
c 108C

8 Coolant density qc 1000 kg/m3

9 Heat transfer coefficient h 1000 W m22 8C21

10 Feed flow rate F 0.1 m3/h
11 Coolant flow rate Fc 0.15 m3/h
12 Initial state of composition cA0 1000 mol/m3

13 Initial state of reactor temperature T0 208C
14 Initial state of coolant temperature Tc0 208C

Reactor volume V 0.2 m3

Cooling jacket volume Vc 0.055 m3

Heat transfer area A 4.5 m2

Coolant heat capacity CPc 1.2 kJ kg21 8C21

Fluid heat capacity CP 1.55 kJ kg21 8C21

Table 2. Parameters of the CSTR Model Ordered by the
Orthogonalization Method

Parameter

qc k q cfA h DH Tf
c E/R Tf

Rank value 9.29 0.79 0.13 0.07 0.008 0.001 0 0 0
Sensitivity 9.29 1.30 0.56 2.09 7.11 2.66 3.72 1.07 0.29
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the D-optimality. In fact the set is the optimal in this case
but this is not always true (the next case is an example).

The total number of the possible subsets of parameters is
C3

9 5 84 and, it is therefore possible to perform an exhaus-
tive search evaluating each set of parameters. The ten sets
with the highest criterion value are shown in Table 3. Two
thousand simulations with the augmented parameters varying
from 0.5 to 2 (normalized value) have been performed to
investigate the change of the criterion value with the uncer-
tainty. The mean value of the criterion for each set for these
2000 simulations is listed in Table 3. It can be seen that
there are significant differences between the criterion values
at the nominal point and the mean values of the criteria for
changes in the nominal value of the parameters. For example,
the 8th set of parameters results in a higher mean value of
the criterion under the influence of uncertainty in the param-
eter values than the best set for the nominal point. It can be
concluded that determining a set of parameters to be esti-
mated from data at a nominal point may not lead to an opti-
mal conclusion. The last row in Table 3 denotes the proba-
bility for each subset to be the optimal set for the simulations
that were run for the uncertain parameters. The probability is
computed by the number of simulations where a subset has
the largest criterion value divided by the total number of the
simulations that were performed. The 7th parameter set from
Table 3 has the largest probability to be the optimal set.

It can be seen from this analysis that there is not one set
of parameters that will be the best one for both criteria if
uncertainty is taken into account. Instead it is more useful to
provide a collection of parameter sets as well as criteria to
evaluate them and to have a user chose certain set based
upon experience with a process. For example, even though
the 8th subset has a slightly lower probability to be the best
set compared to the 7th set, the mean criterion value of the
8th parameter set is larger than the one for the 7th set.
Therefore, the 8th parameter set is the best choice for param-
eter estimation for this example. However, other criteria,

e.g., experience that one has with a process, may also play a
factor when choosing one parameter set over another one.

Table 4 lists the smallest variation of the augmented pa-
rameters required to change the order of a parameter set with
the 1st set. From Table 4, it can be concluded that a small
change in the nominal value of the parameters (0.7%) can
change the selection of an optimal parameter set. Since the
optimal set at the nominal point is extremely sensitive to the
nominal values and since these nominal values are by defini-
tion imprecise, which is the reason why they need to be esti-
mated, it is questionable if choosing an optimal parameter
set simply based upon local sensitivity analysis returns mean-
ingful results.

Another important conclusion that can be drawn from the
results shown in Table 4 is that the magnitude of the smallest
perturbation required to change the order of two subsets is
not proportional to the difference of the criterion value
between the two sets. The difference of criterion value
between the 6th subset and the 1st subset is less than that
between the 10th subset and the 1st subset. However, the
variation required to change the order of the 6th subset with
the 1st subset is much larger than the one required to make
the 10th set more important than the one currently ranked
1st.

The global sensitivities of the criterion values with respect
to the parameters are calculated to identify the influential
uncertain sources. The KS statistic of the 1st parameter set,
as one representative of a global sensitivity measure, is com-
puted from the sampled points (Figure 2a). To study how
variations of the parameters affect the criterion values, the
gradient of the criterion function are also computed and
shown in Figure 2b. The gradient is infact the local sensitiv-
ity of the criterion function. It can be concluded that the
local and global sensitivity results in different information.
The initial value of the coolant temperature Tc0 (No. 14) has
the largest magnitude of the local sensitivity, while the cool-
ant density qc (No. 8) has the largest global sensitivity. To

Table 3. Collection of Suboptimal Subsets for CSTR Model

No.

1 2 3 4 5 6 7 8 9 10

Parameter Subset

q cfA cfA cfA q q q k cfA cfA

k k DH E/R k E/R DH qc DH k

qc qc qc qc h qc qc h h h

Criterion value 20.15 20.23 20.27 20.53 20.54 20.61 20.68 20.85 20.94 20.98
Mean criterion value 20.13 21.35 21.35 21.38 20.89 20.27 20.34 0.21 20.77 20.70
Probability to be the optimum 0.150 0.061 0.029 0.053 0.037 0.129 0.170 0.153 0.083 0.137

Table 4. Smallest Variation Required to Change Order of a Subset with the 1st One for the CSTR Model

No. of Subset

2 3 4 5 6 7 8 9 10

Variation magnitude 0.007 0.011 0.032 0.200 0.268 0.075 0.163 0.050 0.052
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investigate the reasons behind these different observations
for local and global analysis, the criterion values have been
plotted for variations of some specific parameters in Figure

2c. It can be seen that varying Tc0 strongly changes the crite-
rion value around the nominal value but has a diminishing
effect for large values of Tc0. Also the criterion value does
not decrease monotonically as Tc0 decreases. The criterion
value changes monotonically with changes in qc in the whole
range. On the other hand, the feed temperature Tf (No. 1)
has only marginal effects by changes in its nominal value
and it has small value of both global sensitivity and local
sensitivity.

Parameter subset selection of an IL-6 signaling pathway

Modeling and analysis of intracellular signaling networks
is an important area in systems biology. Signaling pathways
are the cellular information routes by which cells sense their
surroundings and adjust to environmental changes or hormo-
nal stimuli. The signaling network includes various compo-
nents, which detect, amplify, and integrate diverse external
signals to generate responses such as changes in enzyme ac-
tivity or gene expression.

The IL (interleukin)-6-type cytokines are an important
family of mediators involved in the regulation of the acute-
phase response to injury and infection.31 Several models of
the IL-6 signaling pathway have been proposed and a
recently developed model is presented in the paper by Singh
et al.,15 which describes signal transduction in hepatocytes
induced by IL-6 (Figure 3). This model contains two signal-
ing mechanisms: Janus-associated kinases (JAK) and signal
transducers and transcription factors 3 (STAT3) are activated
in one pathway, while the other pathway involves the activa-
tion of mitogen-activated protein kinases (MAPK). The
model is described by 68 nonlinear ordinary differential
equations including 118 parameters. The equations are
derived according to the law of mass action or Michaelis–
Menten kinetics and the parameters are the kinetic rate con-
stants. The states are the concentrations of the molecules
involved in the pathway. The input is the concentration of
IL-6 that stimulates the pathway and the output is the con-
centration of the transcription factor (STAT3N*)2 (dimer of
activated STAT3 in the nucleus). For the detailed model of
the differential equations and the nominal values of parame-
ters, one can see Singh et al.15 and Chu et al.32

The investigated model contains a total of 118 parameters.
Since the analysis procedure could be computationally pro-
hibitive for such a large number of parameters, only the 50
most important parameters, as identified by the sensitivity
value, will be investigated here. Also, 16 of the 68 states
have initial conditions different from zero and variations in
these initial conditions are also considered in this work.

The order of parameters selected by the orthogonalization
method is shown in Table 5. (The parameter kfi is the rate
constant of the forward reaction in the ith pathway and kbi is
the rate constant of the backward reaction of in the ith path-
way.) It can be seen that having more than six parameters
does not provide much of a benefit as the additional contri-
bution of the 7th parameter is less than 1% to what can al-
ready be achieved by choosing six parameters. Accordingly
the size of the subset is determined to be 6 (ns 5 6).

The total number of possible sets with six parameters is
C6

50, which is roughly 1.6 3 107. It is not possible to
perform an exhaustive search in this case due to the large

Figure 2. Sensitivity analysis of the criterion value for
the subset {q, k, qc} for the CSTR model.

(a) Global sensitivity of criterion value; (b) local sensitivity
of criterion value; (c) change of criterion value with varia-
tion of Tf, qc, and T0.
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number of possible sets; however, a selection procedure
based upon a GA can still be applied. A certain threshold for
determining a cutoff of sets to be considered has been found
by trial and error. This cutoff has been set to a value of 55
(a 5 55) resulting in 38 parameter sets, which are considered
for further analysis. The ten parameter sets with the largest
criterion values are shown in Table 6. It can be seen that the
differences in the criterion values between these ten sets is
small, which can serve as an indicator that further analysis
may be warranted rather than simply using the ‘‘optimal’’ set
for parameter estimation.

The mean criterion value is calculated for 2000 simula-
tions where the nominal values of the augmented parameters
can vary from 30 to 300% and the results are shown in Fig-
ure 4a. The mean criterion value of the 1st subset is about
38.5, while the 10th and the 13th subsets have larger mean
value. The probability of a subset to be the optimal one due
to uncertainty in the nominal values is shown in Figure 4b.
The 1st subset, which is optimal at the nominal point, has

small probability to preserve its top position for small
changes in the (estimated) nominal value. Its probability of
being the top choice is only 8% of the probability of the
28th set, and there are 35 parameter sets that have larger
probability of being the optimal choice. It can be concluded
that if the uncertainty effects are not considered then the
selected parameter set may be far from being the optimal
one.

Figure 3. Diagram of IL-6 signaling pathway.

Table 5. First Ten Parameters in the IL-6 Model Ordered
by the Orthogonalization Method

No.

1 2 3 4 5 6 7 8 9 10

kf7 kf31 kf21 kf70 kf6 kf48 kf45 kf26 kf18 kf8

Rank value 637.3 239.6 187.5 63.2 46.3 23.0 11.7 5.3 3.2 1.0

The third column represents the parameters.
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The smallest distance from the nominal point to the point
at which another parameter set has larger criterion value than
the 1st parameter set is shown in Table 7. It can be seen that
a small perturbation of 0.2% of the nominal values in param-
eter space is able to change the optimal solution. This obser-
vation also indicates that the 1st subset, which was deter-
mined by local analysis, is likely to lose its top position due
to uncertainties in the nominal values of the parameters.

To study how individual parameters change the criterion
value, the global sensitivities and the local sensitivities of the
criterion with respect to the 1st parameter set are shown in
Figure 5. It can be seen that the initial concentration of JAK
(No. 54), which has the largest magnitude of the local sensi-
tivity, also has the 3rd largest contribution when global sen-
sitivity analysis is applied. Similarly, the initial concentration
of SHP2 (No. 55), which is determined as being most impor-
tant by global sensitivity, also has the 2nd largest magnitude
for local sensitivity.

From the local sensitivities, it can be seen how some bio-
logical mechanism affect the estimation accuracy. The initial
concentration of STAT3C (No. 55) has the largest local sen-
sitivity and an increase of the initial value raises the optimal-
ity criterion. STAT3C is one of the main proteins in the
JAK/STAT signaling pathway. The initial concentration of
JAK (No. 54) also has large positive sensitivity. JAK is an
essential component for forming the receptor complex, which
is in turn required to initiate signal transduction. The initial

concentration of SHP2 (No. 56) has the largest magnitude
among the negative sensitivities. Increase of the initial value
of SHP2 will decrease the value of the optimality criterion
for this parameter set. SHP2 is an important protein for sig-
naling through the MAPK pathway. The initial conditions of
the two inhibitors PP1 (No. 57), which deactivates STAT3C
in the cytoplasm, and PP2 (No. 58), which deactivates
STAT3N in the nucleus, also have a negative effect on the
value of the objective function.

Similar argument can be made for important parameters of
the signal transduction pathway model. The parameter kf7
(No. 1) has the larger positive sensitivity than any other pa-
rameters. kf7 is involved in the reaction where STAT3 is acti-
vated by the receptor complex, and large values of kf7
increase the rate of activation. The parameter kf32 (No. 2)
has the largest negative sensitivity. kf32 is involved in the
reaction where SHP2 enables signal transduction through
the MAPK pathway, which limits the transduction through
the JAK/STAT pathway.

Table 6. Ten Sets of Parameters with Largest Performance Indices for the IL-6 Model

No.

1 2 3 4 5 6 7 8 9 10

Parameter Subset

kf31 kf31 kf31 kf31 kf7 kf7 kf31 kf31 kf31 kf31
kf21 kf21 kf21 kf21 kf31 kf31 kf21 kf21 kf21 kf21
kf70 kf6 kf70 kf6 kf21 kf21 kf70 kf70 kf70 kf6
kf6 kf48 kf6 kf32 kf6 kf70 kf48 kf16 kf6 kf48
kf48 kf32 kf32 kf26 kf48 kf6 kf16 kf32 kf32 kf32
kf32 kf26 kb48 kb48 kf26 kf48 kf32 kb48 kf42 kf27

Criterion value 56.83 56.82 56.63 56.62 56.58 56.57 56.51 56.32 55.92 55.89

Figure 4. Results calculated by sampling-based method for IL-6 model.

(a) Mean criterion value of a subset; (b) probability for a subset to be the optimal one.

Table 7. Smallest Variation Required to Change the Order
of a Subset with the 1st One for the IL-6 Model

No. of Subset

2 3 4 5 6 7 8 9 10

Smallest variation 0.002 0.07 0.05 0.06 0.08 0.08 0.10 0.13 0.15
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It is important to point out that the concentration of the
cytokine IL-6 (No. 51) has only a mildly positive effect as is
determined by local sensitivity analysis. The reason for this
is that the nominal value of the input is so large that the cells
are saturated with IL-6 and a change in the value of IL-6
will only have a minor effect on the output. However, it
should be pointed out that this behavior will be very different
if the IL-6 concentration were lower by an order or magni-
tude or more.

Conclusion

Selection of parameters, which can be estimated accurately
from data, is a prerequisite for successful estimation. While
it is straightforward to perform parameter sensitivity analysis
to determine a set of parameters to be estimated, it may hap-
pen that the determined set is not the best one for estimation.
The reason for this is that results from local parameter sensi-
tivity analysis depend upon the nominal values of the param-
eter, which are by definition not precisely known, and on
values of the initial conditions and inputs. This article inves-
tigated these points as a family of parameter sets can be
selected by the D-optimality criterion in combination with
the orthogonalization method, where the optimization was
performed based upon a genetic algorithm.

In a second step, the smallest perturbation required to
change the optimal solution is determined to check if the
results returned by the local method are acceptable. It has
been illustrated in the case studies that the optimal solution
can be extremely sensitive to parameter uncertainty and a
more detailed analysis may be required. This analysis should
start by determining which sources of uncertainty are affect-
ing the value of an optimality criterion. A method based
upon global sensitivity analysis and another technique based
upon local sensitivity analysis of the criterion value are pre-
sented in this work. Furthermore, the mean criterion value
and the probability for a subset to be the optimal one for a
specified region of the parameter space are used to evaluate
the chosen sets of parameters.

The result of the presented technique is a collection of
candidate sets of parameters for estimation with detailed in-

formation about the effect of uncertainty in the parameter
values, initial conditions, and inputs on the optimality crite-
rion. The provided information is also helpful for evaluating
data used for parameter estimation or designing future
experiments.
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